A STUDY OF A CLASS OF 
POLYNOMIALS DEFINED BY GENERALISED 
RODRIGUE’S FORMULA 


A THESIS 

PRESENTED BY 

SANJAY KHANNA 






<^' 1 . — 


x 

if 


/ 



BUNDELKHAND UNIVERSITY 
JHANSI ( INDIA ) 


1989 



CERTIFICATE 


This is to certify that the work embodied 
in the thesis entitled “ A CLASS OF POLYNCMIALS 
DEPIKED BY GENERALISED RODRIGUE’S FORMULA “being 
submitted by Sanjay Khanna, to fulfill the partial 
requireonent for the degree of M, Phil. of Bundelkhand 
University Jhansi, U,P. is upto the mark, both in 
academic contents and quality of presentation* I 
further certify that this work has been done by 
him under my supervision and guidance. 

Dated { Dr. P.N.SHRIVASTAVA) 

Reader & Head 
Deptt. of Mathematics 
and 

Statistics 

Bundelkhand University, 
JHANSI (U.P.) 



PREFACE 


The present work is outcome of the studies done 
by me in the field of Special Functions, with special 
emphasis on " Class of polynattdals by generalised 
Rodrigue* s formula » at the department of Mathematics 
and Statistics, Bundelkhand University, Jhansi during 
the course of studies for the degree of M, Phil. 

The present work has been done under the able 
guidance of Dr. P.N. Shrivastava, Reader and Head 
of the Mathematics Department, Bundelkhand University, 
Jhansi. 

I express my deepest sense of gratitute to 
Dr, P.N. Shrivastava for competent guidance and 
unbounding interest in the preparation of this thesis, 

I am also thankful to Dr. V.K* Sehgal and Dr. V.K. Singh 
of the Department for their continuous encouragement. 

This thesis consists of three Chapters each divided 
into several sections ( Progressively 1.1, 1.2........ .} 

The formulae are numbered progressively within each 
section. For instance (3.3,8) denotes the 8th formula 
in^ 3rd article of 3rd Chapter. ■ References are given 
at the end of the thesis in alphabetical order. 
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CONTEKTS 


A Class of polynomial defined by 
a generalized Rodrigue* s formula 


A unified representation for 
classical polynomials (Hermite, 
Laguerre and Bessel polynomials) 


CmPTER-I 


XHTRODUCTIOK 


The purpose o£ thi present Chapter is to give 
a brief historical accounts of the work dose in the 
field of unification of classical polynomials defined 
by generalised Rodrigue fornola* The classical 
pol^inomials were considered the solutions of partial 
differential equation governing the b^avioor of certain 
physical guantitles like wave equation^ Laplace equation# 
diffusion equation etc* and have been studied by nany 
authors in their own ways* Pa?o£* Bateman (l882»46) is 
considered as one of the greatest authorities idio studied 
the subject in e classical aannar in tha namm of special 
functions* 

Apart from its usefulnass by Seiwatist^^ it is 
found that the subject is more interesting idtile dealing 
with certain theoretical problents* The chief organs 
in tha study of special functions are Rodrigue* s tyi>e 
fonBolae# genereting relations# recurrence relatitms# 
operational formulae etc* 

A great asiount of work has been done the study 
of classical polynoniele li3m Hemite# Leguerre# Bessel# 
^Legendre# Gegeshmwr# Bell* Tmesdell end Btaihert 
Polynomials* So in the action below it is pr^E>osea to 
gl^Nt brief history of i^lywmials defined by lodrlg«e*s ^ . 
type mrnm^ 
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1*1 RODRIGUEZS PORMOLA AHD ITS GEHERAIiimTIOliS 


generalized Rodrigue* s formula of the form.' 

(i.i.i) F, r-K) = — ! — — L ^ 

' ^ ^ ^ Kv, VJ t-:) 


itdiere io a coastantt x isa polynoitial in x lih^NMI 
coefficients are independent of n# M(x) is the ifei^t 
function and 2Pjj(x) is a polirncn^^ of degree n in x. 

®he Rodrigue's formula for Degendre, Laguerre 
and Hermits polynomial# ^ich satisfy (1*1#1} are the 
particular cases of the Rodrigue's formula are a# 
folloess- 


The Rodrigue* s formula for ultraspherioal polynomials 
r-vv and Jaoohi polynomials (1859) ehicfi are 

the generalisaU«ai$of hegendre polynomials have led to 
think and generalised them in different directiens* 

,, In 190i Jipell oosmidmred a new gawarelisatien of 

ek mmm ffi f ” li lO l ■*! % 

- . ■■‘ ‘ I'f ' > ' . ; 1; 



Xb 1918 NlelseB 






P*K* Httiion 


In 1941 BBXchnall 


IB 1938 AngalBSiBi^ ooiisidBSBd t&o po3.yBGiM.Bls 

7XwO>*-)eoiiBsetsd wit& AppslX sad dsfiasd ss$ 






wlierft tihat »•% of poXynanials forms an Appall rnstm 

la an a-ttanpt to ganerallza the work of J.Q^Steffeneon 
[s^] (IJaejjHanrioe da ©ttffihel [S-S] (1936)# L. Toscano 

[6l] (1952)# P»Htai»art (1923) and Chak^^i"?)] (1956) 

lntrodace»A two classes of polynosdals and studied than 
separat;«l 7 tdiicisi are given by? 

(l*l,lt) Uv. ^ C 0- £ J) , 


(1.1# 12) Pv.v^C>^) 


“< -xT r >. + -<. -X- 

^ D ^ 


where 


& ^ "X' D , 


Chak ototali^ following two generating functions for 


r — y\ 

(1.1.13) 2__t 


VvtL 0 


(] •" 4 \ ->■ 


5 4 \+wt 


I— T~ 


s r * *• (p^'V'V^3 

(1.1.14) ) t Pv^C^) ^ 




. ( \- 
I " V a. 


i-Ht 


In 1949 Krall-frinlc obtaiaaid a ©lass of 

polynflsdLals idUcii they called • Bessel polynosdals" 
defined as* 

^ a-*- vk _ a-vx+.£<-A -V)/-x.T 

(1.1.15) ))y, (x-i o<^\,) ^ 'x. t> t ^ 1/ 

Sn i94« Jmamskl [ l] ' liiowed tHet tfed .Beiisel ■ .‘.-a; 
:ped|MsMld dsejfhd ; I A « l t i «g owMi.ei 
and are giwwi by tb© nb|ati<^:.v^:^H; 













■■— 


— 




■ 






■ 










E.T, Bell (1934) [6 ] considers the polynoaials 
\ defined by 

(1.1.17) ^ ^ 3 D= - 


and celled thesi as exponential polynoiaials. Bell showed 
that the fiuKstion? 


idiere iC>-)aad XC>^)sre liid^?«0d«Bt of ’Vi^fc’^is tiMi 

infinitely dif f erwatiatoie function and X Cx-J) is a polynonial* 
Vriocmi 5*} showed tiaat tbe ^tegree of 0<-) itoOBld iwrfc ' 
eacoeed 2 in ©tder thnt all the polynosdale aay hi fen^dt#^ 
Iqr (i«i.21>' Ottt'Wig he redaoed to mm of idiii;ol.as*lcai 
orthogonal polytOteials..^^,Mt?^l^?^,;^il^ indsp«ident 




In 1960 Carlits 


(1.1.26) 



n 

la 1962 Gould Hopp«r gw formulas similar 

to (1*1*25)« as 


M 

(,U1.27) IL C'^'^ ^ ^ 

^ ^ \ 


i) ’ £ Ci) t") a-'Ji 


o 




ilttoa two geaeralisatioa of Hermits polyaomials as# 

{i,i. 28 ) Hv^ ^ Cr'^ ^ ^ J 


mwSL 


{1# 1# 29) 


4 iD 

“3^ 6^. i) = £ 3 


D s- 


4 - 


Ti- 


The operational formulas for these polyntMaials are as 
followst- 

U.U30) S)= £tO (^) ^ > 

K. 7Lo 

where 7=^ 'J)- 

The special case of (1*1«30) idien CL. - o, t^S.j P* \ is 

given by Burchaall 5,^ 


/"X- 


^ r -- 1 A. 

Pk^>c Hr - — ■ 


Cl.1.31) 


where 


Cy- D'^ , 

VC-c-o 

Pd-x.V-J) = ^ f Sd^. 




Ist 1960 Raj L ^ T 1 obtaiaad aa oparational 

fomoia for Bessal polyac*ftial« 


r 

(1.1.32) X ■'* 


4- O 


T_ 


1 


y\ 


y Gv> ^ 0^-3. 

IB 1966 S.K. cJhattarjea [3.3^ gav« *» opora-fcioBal 


fozmola as. 


V\ r 


(1.1.33) 


■x.'^ T) -t- 


y • A -N Vt"-' 








L Cs) s"' 




^ 


IB 1966 S.K. Chattarj®a[^3.3] al»o introducad 
a gaBsrallsad fBBctioB as> 


U.U3*) F, ® L’- ^ i 

FollowlBg Qo"ttld-Koppar • SiBg^i.JSrliWiFtacsa 


^5 5”] gaw tha gaaaraliaatioB of Laguarra polyaowialSr 


(3<J> 


(1.1.35) ^0 




cxi Px- r 

<2 D 1^ •>t. <2^ 


following Chattarjaa ^2, 1 ^ 

gava a sWBa ganaralisafloB by "tba followli^ iwtatioB and 


obfaiiMd aa <jf»ar§'tioBal raiafions as^ ^ 

(1.1.36) L 


1.37) IL C ■+«'(-j-Pvc>i- 


(ll 








generalized Bessel polynondals as 




K.- te/'st. Y\ VtVt+tfc- K. 

b ^ ^ ^ J. 


and showed that 


C1,1.39J 


^-vcw-cc-htc+O 

) Hv,c^. L>, • 

C.ll» Joshi and J*P« Singhal^^S^ introdmced a class 


of polyncedals unifying the generalized Hermits and Laguerire 
polynonials by means of Rodrigue's formula. 


y.C'^.r-^ - Cc%y^j) D ^ J) 


where 




C-0' 


4 


. -2 


>“i.C3-‘i-J> 


% - being a non negative integer . 

In 1967 R*P* Singh ^5'+] generaliBed^fruesdell 


polynomials as^ 
(1,1.41) 1 O 


•<- (£^ c_ >*- -J • 


In 1969 P.H. Shrivastava/vconsidered generalist 


polyncnoials as 


^ -Lt 


(1.1.42) ^ ^ V 

In 1971 H.M. Srivastava^ J.P. Sin^ial 

introduced a class of polyncsmials as- 

( 1 . 1 . 43 ) Co V, C'^> ^ t H -U 'X- <5, ,9 ^ 

"Vi 1 


'3, 


^ Vc.*^ ^ 

^ D ^ 






- •- ■■- , : ' ■:"'v -is ■■.»■'' 




v^mrm 



In 197S Chandel-Agarwal 1^51 J cstxtended Rodrigue’s 
formula for Jacobi polynomials as? 


(1.1,44) ^ , cl) 


- -K 


C?^ ■^O C-X'-vol^ 




C>t ^ >c- -v cA3 


>><1+ fi. 


In 1975 H.M* Srivastava-Rekha Paioda^B §lgave a 
sequence of functions as 


Cl.1,45) 


cl ; (9 ; 


^ c< 


C_^’y.-\\:>^ <Cc5t-+dl3 
y\ I 


' VVs+-<. i9-h+<i 

c.x.+o(^ 


tS3ll>-'3 

P*N* Shriyastava/gave a unified presentation of 

a class of polynomials as:> 

v<.3 


(1«1«46} P>v 'a, 3 


><- Q-K-x/J 3) I (£\-kC'>c^3 


Recently# P*H« Shrivastava^Bl) introduced a 
neif function defined by the relation 


(1.1.47) 






y\ 




a - 


11 


\ft A-yu 

The operators xD -d lIv^D. 

etc* are jEre^ently ^sed. by the reseachers* 

Toscano [6 a] used the operator ('X'^ to define- 

/I “I ^o\ ^ ~ r 

(i*l« 48 } X- (f, Cy^^S) "X- <S • 

Zn 1943 Hadwiger [’S $.3 ^sed the operator and 

gave an interesting result* 


-X 'V^ 


, 1 * 49 )^-^'^^ - ^ 

^ vv. _ . 


(2 Vx-y--0 ^ r « 'T 
^::: _Z2_ f - S. x) . 

ex-v-;)'. cx-oi ^ 


Chak [133 defined a function as* 

(1.1.50) ^ (x -Dj) ^ X. 


Chak gave a new representation to Laguerre pol3naomiaX8 aS| 


(1.1.51) - r: 


— X /O A -jc ^ 


^ 13j C'^ ^ ) . 


W.A. Al«.Salam \'h’\ gave an operational representation 
for XiSguerre and Jacobi polynomials* 

r "< — >v.T »<;+X -X. 1^^^ 

(1.1.52) © \ X Ir X d. S 


(1.1.52) 

XV , 

© 3 


1 = 

(1.1.53) 

v r 



e 1 

>L. 

) 

tdstere 

a- .=. 

\ 



<vx ^ 

X >v\ Pv 


R.P. Singh jl^generalised Toscano polyncmiials* as* 
(1.1.54) — -vT ts. Cy~'^2> C"^ 'J 

R.C. Chandel defined another gemeralised 

Truesdell poXyi^iBiaXs \vC'^^a P 3 m# 






11 




HIM 




P»-VVvU 


\ U. ar« esscntiallY non-negativ* integ«r»* 
P*K« Shrivastava ®iso dafined a genaralixed 

^ pCY;vw) 

ion Tv. C VC by tha Rodrigna: * foraoia 


o<-i-'Vn'V\ 


13 


^erit C C lO/ >Ti) is a cons-tant sudh tha't 

CCh.y^‘) ^ 


, ^Cb-OC'o-O 

e- 0 " 


toCb-O 

S. COviioC4-VO> 


ajQid . b- being a non negative integer* 


Recently* Patil and Thakare [u, 5 l, 6 ] have introduced 

C.-<.3 

the generalised function \ defined by 

Rodrigue's type foxiaula. 






(x. 1 . 60 ) s. p. K-) ^ X.;;^ ) . 

In 1980 Agrawal and Chatdaey gave a sequence 


of functions as 




{X*1*61) l^-yy ^ lo^ d j \ 




y\ 


^ ~^c 'X-D>0'^ ^ b) 


;>..j 


kv bOC^') 


cX 


where D-kl= 


When p ^ 1 and bo 5 ■=. (l*l*6iy 

r^uces to Thakare and Madhekar ^ 60 "^ in (^198^. 

S*K. Bhargavaf?^^^ studied a generalisation of 
certain classes of lAlynoeials by defining a sequonoe of 
fxmctlons.^ 


(1«1*$2) lr\vv V<. j •arC^cjJ ^ e C ^ / 


and generalised it further in Xl °1 
Cn^ ^ J 

= <1 e “l 


14 


ii^ere ^c-x-) and - are suitable functions of "x. 


and ^ 


are constants. 


In the present thesis# we shall be discussing 
in detail# following two research papers# which deal 
with the class of polynomials defined by generalized 
Rodrigue’s type formulas; 

(1) Joshi# C.M, and s The operator and Characterization 

Prajapat# M«L, of a class of polynomials by the 

generalized Rodrigue* s formulas 
Kyungpook Math* J. Vol. 21, No, 1 
June 1981, 


(2) Joshi, C.M, and 
Prajapat, M,L, 


On some properties of a class of 
polynomials unifying the generalized 
Hermite Laguerre and Bessel polynomials! 
The Mathematics Student Vol. 45 No, 2 
(1977) 34-86. 


■ 




I 

1 

I 


The Chapter 2 deals with paper (1) and Chapter 3 
deals with paper (2), 






"i-r. 








CHAFTER-Il 


A CLASS OF POLYNOMIALS DEFINED BY A GEN1R1LI2ED RODRIGUE'S 


FORMULA 




2.1 INTRODUCTION 


Using th« operator %^ere in 1956 ca:taJc 


delink the generalized Laguerre polynomials,' 


I 

( 2 . 1 . i) c 


y\-\ 


Vii.i.i; Lv L-; = vr ^ e-’" ] 

In 1964 W.A. Al-Salam Q^ve an operational 

representation for Lagnerre polyncwdals using the operator 
© ■=. •><- C' ■x-'®) and showed that 


> » «< -'x- 

( 2 . 1 . 2 } & -x e. 


-tC-V'M -X. 

'x e 71 


) U c-x.) . 


In 1971» Mittal observed that relations (2. 1.1) 

and (2.1.2} can# in fact# be derived from a more general 
operational representation. To this end he considered the 
operator -x. dk.-t-'x.T) being constant and showed that 

the polynomial set ^ ) >» = 2--“ where 

(2.1.3) T ^ e XI 1 




Pu C'x-j) is a polyncaaial in x of degree r# admit the 


relationship 

(^■vvc-i) 

(2.1.4) 


~r~ 

c. T 


'~X~ /- o< Pp <1^ 3 

Ivc 


in terms of the c^erator X. . 

Motivated by these developments Joshi and Prajapat 
consider<»l a class of polyacaaials ^fined by 

(2.1.5) = X ^ ^ ^ . 









where is a poiyncraial in x of degree r and k, and q are 

constants, and 

= ■X.\k+-^D) ^ DS ^ * 

Subsequently# motivated by the works of Goold-Hopper |\2 

, Slngh-Srivastava[s'6^ # Chak Chatterjea [ah] 

Srivastava-Singhal# Joshi and Prajapat considered a 

class of polynciaials defined by 


(2* 1*6) y P ^j^J) 


p. 


— oi - P’ 

1 (^OC £ 


Where | 9 #r#k and q are constants and assume integral values* 
The polynomials defined above happen to unify the polynomials 
of Laguerre# Mermite# Bessel# etc* 

In particular# for k*0 

class of polynomials considered by Sriva8tava->Sin^al . 


Al80.> 


a, ' 0 - Chv, K-0 - 


m 

In the present Chapter# as indicated earlier# we 
shall discuss the paper of Joshi-Prajapat 

2.2 PROPERTIES OF OPERATOR Tu^c^ 

■T ^ has been defined as 

Tv.,^ ^ v + , t) ,s ^ • 

Me list below certain operational formulas# associated with 



where Cp•^J) etaisds for the sequence of X parameters# namely 

IX. 0 with similar interpretation £or(^W) • 

In particular "■ 


1' ■ ' 

■'% 


UP » For 


For n»2g 


*<-¥‘Vv\ 


c< -^Vn ^ 

Cf< -V- Vvi^ Vc/) > 

^ -V "Vvi -V- c<-v “Vv^ "VC 


- 




-t- ^ ^ 


% y vh 


«»<, "Vyv <+■ ^Vv ^ 




and so on by iteration* we get 

o< Jj-'vw Vv / «=n^ H- vcN *»c “V -f 'Vv ^ 

Proof o£ C2,2»2 ) s we have 

From this by iteration* we get for any positive integer n* 

Ty^ [ -f = ^-■‘c + < -? y ^ j . 

Thus* if F(x} is a power series* we shall get 

Proof of (2*2*3 ) t We have 

C C-j) - ^ ^ • 

On iteration* we get vi 

Hence* in general* 

Proof of (2*2.4}t For any two function u. and \v 

whicii on sinqs^lification gives 

T>. Cxax>) = T<[ 0'“^^'^ . 




Bf 




■ 




On iteration, we shall get 




proof of (2* 2*5) I We have 


yr\ -CO 


iMhidh on iteration yields 


~Y^ ^ “ 'X^Vc u-CT’O-)'^ 






"' ■''■:' .“' : , ' ,. J 










o£ (2»2«6) > Suppose has power series e3q>ansloii 

-f(;->cj> — a.^n 0 thea 


Vs X. o 


[ - -Pc-j] 


*Tv/ a 

v t— 


«<■¥ V\ 




CK3 

— -b 


YVl K-h'Vl 




>1 = 0 


yy^-s. 0 


^ (9^ ^ 

r av, T 


cxC -V- VC -v >\ 


Wtr^o 


‘=<Hr>-VVC 


«< -V-'Vx 


Clvv ">C 






^ I (l- 


Proof of ( 2« 2« 7) t By hypergeometric expansion 


VmA 




-t T ^ ^ 

^’. “.t j) 


I ;•'■•“ 


■Wi ‘»o 5 

(Cco-Jw,) + r- Cr PJ 


'V" 1 CL^m)v»a^ 


»< -^V- j 


>) •a 0 


i-= o 


'Wil 3\C0>ju)w) 




OC-VVJ 


V\ o 4-0 


oo 4 

r c _ p ;) =<-^^0 

'i\ ^ 


CCP-A^V") 


o<+*Vt. -V- V. + 'fi 


6-!) 


C. CjojlA^vO 


Vi -=. to 


^4 » 

L Cf;) p 

~xr ^ mvTm 

Wo 




•< -v >" V<- + Y" j , 




O^x) 


Proof of (2»2«8> t In C2«2»7)» replace P by -pand take 
>•=. o_, ju.ti\ » we get the result* 

Using the above formulas for we get the 

following operatioiml formulas 










/ 





Thus 


'Yv 


Hv, P V4, %') 

y^cti proves {2. 2, 9). 


o< -V- VC -VTJ 




To prove this# by definition# we have 


Hv, “v) 




■>i_ 


u--y\o^ Iv _ ^ _ P-.V-, 


— p- - o< — r "X 




>e 


oO 


"hi 


r>^ -r- h r c< ^ 

^ X.. X- x 


y I U 


O^o 


N'J 

c-p>0 

a\ 


1- -y- c. > T ^ ) 


>5 - o 


Using (2* 2*1}# and asstaadng — •= Vvi # a positive integer 

we get 

K C^ ^ 

M-V, ^ ^•- ‘^) 


- ^ ^ L o', \ ^ 7v 




>1 


0= D 




F>tr 

— ^ 

>1 1 

0=0 


C- 


'V^ 


OO 


o\ 

>n <=>o 


ckj ^ -t iT-o 






'V^ ^ 




<2x1 -V- K- -V- V- ^ 


im 1 


A\ 




Vn- o 


0=0 


V 


<?o 


X 


'V^ 1 


Va 


Vyv 


Cr '-) 


'Wv-'l 


-Vv^A / «:^r VC Jt-Y-O 






A>^ = O 


0=- o 


.th 


The iciner sojia is the la difference of a polynoBiial of degree 


n# hence when A<v\ "^Vi# the inner sum is Zero. Thus 







i'' '.'.i- '. '' ' .' '’' 






To prove (2»3«3) and (2«3«4) we use well known relation 

'VW -yvl - i ^ 

^ to (>) 

NOW since * polyna^al of degree n in x, he 

the ffi difference of this shall be Zero for > >i . : 
from (2.3«1) we get (2»3«3}» 

(2*3«4) is evident frcxa (2*3*3)« 

From foxuRula (2«2<»5)» we see that can 


2*4 THE DIPFEREHTIAL EQUATIOH - For 


In view of (2«3«2) 


IHv, 


a 


where Ct 


o< JrX- 


(c_P2^ 


We have 


4- ^'. 

3'=^o 

V" C:r - P3^ C^O 

i- — ' J \ Cp'"^ Vvv j 

i-0 

multiply both the sides by f ^ ^ a. - 


oc» 


!>»_-=. «L->U. \ ^ 


C_ py C^■v>^3 v.i tr '0 C ? ^ ^ 


j\ Cp-i 


^ j\ C<^:)w; 


X y-si 

dJL-* 'Vvv 1^ 

/'Wt 


J - C? 


c- p^ Cjr^j) C"^ j -*- *'-'^3 w 

j'. 


Since 


vw ; — 0^ } 


>v% ^ 2‘"^0 


Va 3 - ^ T\ cLVe 


«5»0 


0 o 


c - py(>--^>:)w,3 (^CC-VV^J-W^W, 

C_i-"0l cpOvAi 


OO 

-L 


(^_ p; ■^(^-vv)w,c a+o >v (^ 
\ C.^-^ \w 3 -v"wv 


•x- 

\v\ 









a .7 



'i ■= o 


-Prx^ 




- Py-x 




Vvi 


^\ C^}>v\j •+• V'rt 0 ^ 


X 


Y'O +y- 


Vrt 


i 


Cr P) -^ >') >v, i ^ ro + y- 

X 


o\ C^) 


Vv\ 0 


(-P)" (-P:x?^) Ca-+-V')v,,i+w> r5 
— X 


j \ 




oO 


i « 0 


Cr P} C‘^^^)'vv's y-j 

- X 

^ \ 0^ 3 Vv\ 4 


(-f) ri 

- 


j-=. o 


j\ C^ 3 vvv 


yy\ r 

^ y 0 


-\- ca~ •\~ '\\ 


Gr PJ) yj 

,-) _ 



\ 0^ 3 'Vw 4 


-fyvT' V ^ * 


e r e. OY'C 




Ucm since 


'0 


>i -CyT 

M.V, c P, x.^ a) 5 


Me have 


or 


s C v ^ '-Ivx [ Kl'c-.--, p. 






^ T' f uL 
zz. -■ 9T-y~- {_ "f 

This can also he equivalently 


- jvv. 

j V, l^v t ‘i 


W (X- Vn 

P Y-x2' 





an 


(2*4^3) 


[yC"^ 1^,^-x- fy-^ 






■t 


fr-x?^ 


•(^ c 




-V-'M 


f 'r'>- 




‘<-VK 


Replacing (X by _ 

1^ 

^ (l- C % 


and \w by ^ » we get 


^-oi-v-vc-y— -Y 


0 


which is (2* 4.1). 

Proof of (2,4,2) t 

If yi ^ -yyy. , where Vk is a positive integer# we easily 

% 




■vn . 

C ^ v- A \\ ( o< - -vc-v- -n+ 

s - 4-^- w;)^^ ^ L 


Similarly 


Pv^ >u^-+- a_ -Y-'\^ 


L-'J 


Vna 


Vvv 


1. 


Vvv. 


Vw 

]) ^ “ "< - v<- ‘i 4- P'^.V'viT-T' i <V+‘Vy , 


J-] 


Hence tJie differential equation assumes the form 

W\ Vvi 

% i-i 

\v\ 


or 


O^t 


•+ Pr-'xT jj_ C ^ -•=^- + Pi,'rv<r^ 0^ -■ 'C)lM,^C'«,nf^H<i)c:J 


3 - > 

JVrt /. Y- . ■\1 

-V- ^ C 5i - "<- VC - -vP^irx- I ^.''^3 3 

3 '=. \ J 


%diich is (2«4«2)> 




2*5 GEHERATIHS FUHCTIOHS - For Hv, 
the following generating relations* 


00 


(2.5.1) 




y^-^o 


[CkA.;l 


>1 


e 


fx- ^ Q.p>^^ 


I 




r ^ -v ®< -V vc^VMr^ 


(2.5.2) 


\ v*'* M 

OO * c? 

nrv ^ o ^■" V n. j 


!>< 


0*0 i 


(3-1+) |ixf^P'>*'^ \- d '-‘L-tJ 


c?0 


(2.5.3) 


(^<->'1') . -w 

Hv, c>-.n P^vc,<v^ t 


y\-o 


n- 





<v:V 
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- px-' 




L 

'Vi-s O 


'X- 




F. 


h^\ ‘ M 


“I a-l 


= c 


fx-*" 


^ C- ^^"^3 r 

L- 'V \ ^ 


o<:-v vc-vxv- ^ 

^ 


Qoju) 5 


■t"i 


^■ 3 . O 


Hence we get 

oO 



'W-=. o 


T 7 U% 


p>r^ (rj£T P 

Z- ■V''. '■"^'^L 


whidh proves (2* 5*1) 


'V'- o 


°< V vc^-yvx . 


Cjo-a;) 


Now in particular for >-Aa. # £!l{-=. f i-z-ba. ^ (^o-r At) 

then C2*5«l} reduces to 


aO 


^ In)" c-^< 1 -v) 




P ■>(. 


I 'f- 


(~ o4 -V Vc-V- V^VS 


%-t 




pyC 


oO 


(1 pxT)^ ^ ^ k-^^vT n ^^-b) 

~ /J ^\ 



'Vx\ 

'Vv - o J = O 


/ eCA- \<-'VV->V 1 


■h 


yx^o 

( 


^ hj!^\ 

] 

e?o 

i _ p>^ C 1 

J 

^ e C \-^t) 

I 

1 

■y^- -v vcr\ 

^•Z- O 



(f X f [ 

- C^- ‘i^~) 






r 


p-yC 


'^1%, 


\ 1- 0-^.3 1 j ^ 


which proves C2«5«2). 


Proof of (2»5«3> 


eso 


By explicit formula, 

NA ^ ^ 




^ o,b p>r — 

i' f> 


I 




■b 


'>1 


- I 4 - 

Vi-i O 4 =: 0 

Replacing by we get 

^ Cs^-b'v;) 

2 + i 

'bciD ^ Pvt?^ ^ /“cX-M ^Y-j-V-VC ^^ 


-L 




^ (- p-v0^3 ^ 


Now ^ 0 - o 

'oc -V- U. ■VY^j-'WC'l^ /o<^VC-V-V-4 


b 


% 


Vi 


1 


V\ 


^ f 

c-o 0- 


V\ 


is<. 4- U--+- ^ 0 


Uemcm 

<s?o 


/ ‘V Vv C-x.>n p, •!: 


b«o 


oO Vv 

c. 


i: 




"b-s o 




vc-v “V* 3 




oO 


— e 


(’•xT’ — (^P'xr3 
i\~ 

0 - o 


oO / _ y-\ 

P>- «r“ (— p>«- 3 


J'S O 
# 

^ <50 



■5<+ Vt-v Y’i 


b 

(r_^ 

'b 1 


'V\'= o 


-C' 


otHr V^--^ "bO 


L 


jv 


(3 -b at) 




/O /• V % 




W-V- 


c 0+ ‘i-t^ 


P - ?><- C 1 + ^-tj) ] 


Q +■ ‘i't^ cSx p 1^ P ^ \ ■“ 6 ^ 


whidh proves (2«5i,35. 


Proof of (2«5«4? 


Replacing ©< by (s^--'^%) * we have 


Qx.3 


1 -“<• px?^ -T' ''^ /■ ‘*<-'^'=1' -P^O' 

-i-'x- e uof"^ ^ 


Multiplying (2.5*3) by 'x.“*‘e. and operating by 


we get 


OC -PxT ’ 

^K% ^ Hvv 


Ivc. e 


How Xt.H.S. 




>M 04. _ 


■y H -*- y/ T ' 

Q-^-tjN p[p>^^ 1 - 


^ T - .: 




>\=o 


xT ^ P>e- 


^ ^ _Vv»+>, -Px'*^ 

2_ ^ 3 -t 


'>\s O 


y i C>'^>0\ ->- e. nv-..<^ 


'Vv=. o 


yVK \ -VL. 


-<->1- ‘I, _ p>y“ ,c^ 


Also R.H.S, 


04 ^ rvv T, _ 1' X K _ 

^ =- Hv,.v,<^’^'^' 

<;-— rvv+y'v -N. y^ 

L 3 Hv^.v, Py t 

y *- O ' 

.. . i z' V-V 


- T ^ T ^ 4x p\- 

■“ ‘vt^n^ L 

r:: 0 ^ ^ 1^ ex p ^-* Py^O 






^s 


-vw<V ^ 




Where 


3 = 


’>c 


-A/- ^ 


o+n.-ty 

“ >1 1 (l-^H-tJ 


.•^+'^‘i'_ r . > ^ 1 m'-*' V X 


Thms equating the two sides, we get ( 2*5«4). 




Proof of (2,5,5 ) 
Consider ^ 

f_ (^r) M. wl 




"Vv 


zw 


X = o 

<90 


c;w%+>^3 \ 


">i_ 


T ^ 

C-^ j 


y\ 


^ V, , ^ W> 


o 




y - 


Vko. o 


^_^W,+V3n. p^ X r ,p^x- to n 


>c 




'W 


'><- 


•c-w^% p>cr 


Vi'S- o 

• ^ Cri^ I >cv W, (t x-A?j 


"V\-r. o 

_ «;-Vv^‘^, p^ 

X- e- cS:x P 


^1 


X. £Xf 
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— "K H-vVot V«<1’| CXPL C ^ J 

‘ ' v' . / 










-(r-f^>- 

l^~ %-t ) £.xf[p>S^\~ C^-\-t) 


-itt) 




r\ 




J 


Hence (2« 5* 5) is proved 
Proof of (2.5.6) and (2.5«7) 


<s>o 


I 




a V 

^ ^ H,. f - *"^‘‘•0 




'^Vx 

oO q V\ 

_ o<-V\^^ 


•>1- 

L 

'h^D 

/ <.< -v v<- ■> 

^ a 

C90 



-yu cS 

V 

/ /iK-^VC 

L 

y\ 



^ r ' • 

X- O * 

^ 1 " 




— P'>V?^ 


) 


C->yar^") 


•t-vvc. 
% 


, 

-r 


This prove# {2.5*6). 


How using (2. 2.8), we get 

■V^ 




r o< -V VC ^ ^ ^ 

L— A f-?"? tp »^3 


yrs 


V P- C 
L 'v>o\ V'L 


Vc+VWT^. -<4-VC . ^ ’ 

— 3 5 ^ ^ 


'yv\-=. o 


Using Kummer* s f ormula« 



3 7 




£ 2 , r^A 


we get 



"w •= o 


M-vC— 

( ^ "1 ” -> > j j 


•Vrt 


e 


Y“ r 

Z_ 'V>rt\ ^ '‘' 




or 


yy\’suo 


CO r ^ y^ C^ ) 
/ /«J+-VC.\ 


'Vw 


V" r 

\ 1 ‘ ' 


r 


>viy • ^ 4 -vc. , 

— 1 — * -> 1 . 

^ n- " 


Vvn-s. o 


Replacing -t by >. + , we get 


OO . V\ («t J) 


y Hv, 

/— ^ % Jm 


In-s. o ' — ^ 

This proves (2.5.7). 






>vyV“ «*< 4 “VC • £» L 

T = T ^ 


'Vv\'S- D 


Proof of (2.5.8 )$ From (2,2.8), if -n S # a positive 

% 

integer, we notice that 


f. t- ’ “-T ^ 


I 


'X- 


•Vv^ 


“X. 




"Vv^ ^ 


p p 0 ^ 4- Vt,-¥Vv\V- ^ 

— * >C- ^ -t 

h L ^ ^ 

t J 


Arvi-z:- o 

‘ 5*0 /«< 4 -VC 4 * 


L 


'Vvi-zi- O 
oO 


I 


>» 

(ScNt3 


1 


'V^^O 

>»A oo 




V n jvi 

I~ YW /* . . , . 'V\ 

y- y C^^^vv. , 

^ % J%y^ 


Vv^ ^ u 


€1$ 


Vv - 2 - O 

o<-^VC\ f ®<-VV<L 


^fis4.-vvc4- VvsY-^ ^ f 

y yTyv. L ^ 

\c 


-4* V\ 


0-5 I C-^ 


yvv' 


, ^ “h \c tV / -V *i— ^ 

Since ^ v vc ^ ^ 


v}-=- 1 


K- />> 


.F,[- 




^ «» s>w fr HJi2^±22i±r.7 /yH,A 

^ ^ ^ V ^*1 J)n^ (3^ ‘^V 

L "hAi Z- 




ao 


\\ oO 


U 

i's.^ 


' ^ L - > 

Vv\ •S- D 


V s % J \^ CrP'Mr3 




y\:SLO 


i t:^') 


>v\ \ 


Vvv 


oO 


> 


«< 

•>c 




r h c s 

•< 4- 



L 

'-^3) j 1 


Where ^ s®0 stands for S parameter ^ j 

S 3 


eswc 3 ”" \ 


HeBC0 £^oi^l ( 2 # 5 • 6} 


cO 




(2.S.9) 


L 


'V^•=, 


'«^4-V<- 


=> 


Kvx f, vs^) 


oo ^ 'Vx 


>c 


a c 

) ’ 


/y (_% “i±it 


~L y C?c p 

ys-s- o 

y\ 

Now equating the coefficient of on both the sides 

we get 


(2 


*5.10) ^ s^si^ 




. 'J 

“ly-j ; 




which gives another hypergeometric form for 
Sext# if we put X ^ 

(2.5*1) reduces to. 


Next, if we put X ^ JU.-= 1 and /i^ or Va, - then 


L - _ 


h 


•>1 


^ 't' ^ 


P->0^ y- 


-Vv 


I 


'WV A*1 


Vv-a- O 


F 

C/ . VC -V->vir 

/« 3 

1 

"i-t 

* i 




L 'v ^ 

. 


Prcaa the hypergeoraetric transformation 


F[y^;z] =o-x3'"f 


c- k j. ^ •2_ 


^ cj --z-;) 


, \-z.l 


-z. 


We get 

L.H.S. 




_ €90 

P *>^5 




"h 


c 




"H V 


0- ^-t;' jF, 


r £. - ' 

% ^ i ^ 

e <- W <- 


Hence 

CO 


O 


Cn-fc-' 




Z— /y+Jdr \ 

^ 't -^V' 5; >w 

= V’" f jf: 






VvV" c- 


V ^ ^ 





3 ^ 


This proves (2,5.8). 


2,6 


SOME APPLICATIONS OF GENERATING FUNCTIOISS 


FoIIowiag recurrence aiKl other relations are 
satisfied by 


(2,6.1) ^ vt^ 




- f «■. 1-') • 




(2.6.2) DMv Cv'.r, P, >‘.‘1-:) . 

= V c-.’'. p,>-A') - f. A‘0\ . 

(2.6.3) f. '^A') . 

— Cy)^r\3) fA. t 

(2.6.4) C '^y °^') • 

f Yd ^ 0*^3} 

(2.6.5) Kl’"* I. ^5, - X li 

rw. ^ lv.--lv,= v, 

.Ud 


(•2.6.6) Y\ 

(2.6,7) 


L Vv 


iirv . ^ ] - H 11 H;i f/H 

t . 't -^. 3“) 


M K fAA) - ) -T Hv,-.., C-AA-HA"). 

^ VI 

>IA-= O 




(2.6.8) 


Vv p 


« P-K. 

(2- >u 


r^v,^C’'j'>*. PA^i] 


(iv^i ^ hH paa:51 


r — r* , ^ (^ ) 

(2.6.9) p J 

(2.6.10) O-^O K.,^' 


(yp ^ 

V" KA / ^. .... /I . _\l 


(^vvc a) 'Mvv ^y'^y ^y ^y^O “ 


To prove the above relatJlons we shall appeal to the generating 
relations# discussed in the previous section. 


Proof; Replacing % by in (2. 5. 2), we get 


and from (2.5*3)# we have 


H H.1, e[e>^^ I - i 1 + 1+3 




\\ z. o 






O-va-t; YL ^ -=. \ 

y\^ o 


y\ 

Mv, ^ ^ ^ 


-h^o 


Mv, C V<, -t -V- ^ Y, t 


O 


^•x- o 


— • c?< ^ /s \ %y^ 

^^v^ t '^) -t . 


'VAt::- O 
^ t_V' 


Now equating the coefficients of t on both sides# we get 


KA^b'^V (U-CViMja) 

r\\, C'^.v'. -va Kv,., - Hu 


which proves (2. 6.1). 


(Frcxa (2. 5. 2} 


(2.5.2) |Ki±Sr) 

®® c^j) T ^ r Y- f ✓ 7 "" 


'Vi o 


Differentiating with respect to ><- on both sides# we get 


. /*Kf+ VC 1 

f\ '+''* f '"^'H 

-Q-tt; [vp^ 1,1-^,.^+^ ijl 

.txf[ I- Ci-1+3 ^ f, 








M 1. 


9 (L x P 


^ J 

. y./ , 

= 0-^1+^ (>^>.^'’) ci-tij ^)]. 

) 1- O- t-ij 


y t» wT' ' (_\- Of^-i 


■= T- f v^ 


oo 

r--i s-- , ,Cr^; 


' v“ 'u jr (o^^v-yj! , 


O 


'Mx D 


by use of (2«5«2) and adjustment of parameters. 

Now equating the coefficients of ^ on both sides, we get 

^ VA. V t ^a) ■:=■ l_ H,v, - t^w c^Aj t 

which proves (2.6.2)# 

Again differentiating (2.5.2) w.r.t.t# we get 


_ — .'A) "V 

V\ “Zi- o /g< 4-^ VC- \ 

• (^ j< f [ ^ " C^~‘i'iJ 


>v-l 


a 


^•vvc4-y?ii'‘^ 


_v- 


d ' " l-'t J) j> 1^ p-yP^ |l-ill-1;-tj "^1 

- ) . 

-V (^vk;) I " (Ci-1-t J 


i>o 


^ (U + y+-i;) 

Py--y^ 2_ 5^^ i: 




Vyc. 


(:5+vc; A 

V\ •=■ o 


4- 


M ot 


'V\ 


Eqmatiiiig the coefficients of t on both sides# we get 

Replacing =<. by (W-'i^ , it changes to 

which proves (2.6*3), 

Expression (2.6.1), (2.6.2) and (2*6.3) are recursion 
formulas. 

From the generating relation (2.5,2), we get 


(PO 


y M-v. 

y 


y\'^ o 


Q-a-t-j) pj^Cvwp). -X 

^ Cl- 

" ^ Rvv ^ ^ t + 5 

yy'B. a V 

which on equating the coefficients of "t on both sides gives 

Hk - ry K^a) , 

This proves (2. 6. 4). 

From (2.5.2) 

/* Vw ^ 

^ 0 

I \ i* \ / 


X * \\>^ \ i * \ / \n 


(I- “i-t) 


■w^ 


<£-X 


-<'i + V-' 




il Cv-a-t;> ' c-xf 
i-\ 








Thus equating the coefficients of -t on both sides, we get 

Vi^ t ^ 

, Va » 

yVi Q 

This proves (2,6,7)* 


Consider j 


^ r 


^p-yy o<^Vv^ T 


1 


)1 


-Vll 


®< -P>^ -N 

C'^ ^ j 


(W + Vv;) ! o< 4r t55A+V^ (^ ;> 




(S 




which proves (2, 6*8). 

Again from (2.2.2), Put ) ■= e '’" 

F (Tx-O [ - - F [ Tu,.-^ -S 

Now using (2.2.3), we get 


^ ^p-yTr-P -T* . . ^ 

■z: C- 


■r: •><- £ 


or 

(D) 




^ ^ f (CTvc2^^ 


Consider > 


Va 


Now using (D), we get 


'>c 




r ac-tv^ Q<:) 

Mv^ f”, >^a; 


Uv/**' 


V^A■^'K 


f-- i_ x; -c- e 


'>L. 


Ms 


>- 




'>^- 


-w^ 


^ww -i) 


-"’ ni:; . 


■>V 




-whicii proves (2, 6, 9)* 

Let-ting la*!^ (2, 6* 9} reduces to 


f a ^ ^ 

^ t A r ^ ^ 




or 


- 1. -r 

^k . 


'>^1 

P 

_ f VA-V, 


- t^v^+l '^.'^3 


C 1 Cf< ^ 

or Ji-va - p>->,r]Kv, = (:a-^0 


^3 


or '>^ D HT^ Cp^^'^j fy ^ ^-vc+vi^ j) C^>'^j vt^ A, 

C^ 3 


p, * 

By making use of (2, 6* 2), we get 

^ ) 

3> 

- (>4\ ; p. 


c^; 


CV'^O ^A) 




whidti proves (2, 6* 10). 


py-TA .y, 


2. 7 BILATERAL ACT> BILINEAR GEKERATIRG FUNCTIOK - 
The following tlieor«R holds for 
Theorem- If we ^ assume 


OO 


.w 


{2.7.1) Fi’^^'t] = YL ^ 




Where £jLvv ^ 0 are arbitrary constant then 
„ (“liKA 

V I' 3. \ r- r "X 


(2.7.2) ll”tt) ex/[p>rp-,(;:i_u}'^M P 


^-t 






5 




oO 


) ^V\ <1 ^v^C^j 


>\ 


•z-O 


v* fy^ \ ^ 

( 2 . 7 , 3 ) where \dv^ C '3 j — ^ 


'Vn-*- o 


Proof -Let 


Fl '^^ t ] = r . ft ‘‘-‘ t ') • 

Vv-cs .0 

Replacing i by » we get ^ 

pr ft (±^i) • 


'^='' .p>r 


Multiplying both sides by x- e and then operating 
4 : 7 k.. 

with e. # we get 


^ f--"' (vt;; p. K, (t . 

y\-s. o 


Now 


b*M*S — ^ 

-fcTv/ a, r 

•< - 

= e 

X_ (f. 



"X^ / 


“* (J-'M^i't/ 

.T-J 


‘[Z 


M [ 


TP 


>c 


">c 


^.i 


C by use of (2, 2* 6) ) 


>1 


Also ReHeS 

-ttK,^ ^ PvvT 


-X. 


^,1 ■-.. C^-) A ^ 

^ ^bv, <: c^} (t 


V ■= o 


..oO 


-brso 

CSO 

n ^ ^ 


‘ j' r “<■^>'‘1 -{’><- 

X. (f. 




X -r Ti, , 1 >- ds Hv^ t 

Vii, i 




'VV'ti o 

\v\ 


V\*st^a 


-s:- p 






cso y\ 


r — ^ sr — ' 


o Vviti. o 


.P>r 


£. Mu 


y (y^-i) t Kv^_) ^V'W, ^ C'‘^3 


■:r: X- £- 


X- 


where 


\\ L^J 

y (xJ^ i 3 Mu ^ 

V'- V 

H ^Ql,) ■ 

'Wa O 


Therefore, ^ ^ | ^ ^ ^ ^ 

C'- A-b; ix p [- ^ F [ ^ Ci-vcHt; 


‘V 

v-t 


V' 


-c ^ pw 

•X- iZ- 


x = o 

Replacing -t by x- -i: , we get 


^ M.!^ V-, f k, K, e^-tj" u <: 3_) . 

31^ 




■vu 


‘i i . Ft Q-'it-i'^ ^ LL-^iV. 


{pc) 


V 


■=21. Mu -t 

>»■=■ o 

which is the Bilateral generating function and can be 
considered as a generalization of well known Hille-Hardy 
and VJeisner* s formula . 

In particular, whenO-w- then by (3*7, 1) 


we get 


F - L (r^j 


OCi V (p^) ^ 


From equation (2*5.7) we obtain 


P-hT 4- 'i t 


V (- [• 

L vv^ A L 


• -<+Vc . . 


\y\^o 


In this case (3*7.2) becomes 


V _Y. 

- 0-^t) exp| Px^^\- ^ 


V 

>t- 


]. 


n 




L.H.S 








oo r -w 

V” I n~ ^l r ^-''^^2^ • "<+-vc . _ 1 

2__ L_iLnLJ . ,h L I ^ a-wj 

rrT » vw 1 ^ ^ j 


\y\-=-D 


-n ([- ^4:3 f Z- 


p - — J. 


Vv\ 


Vw-s-O 


Also R«H*S* 


where 


• ,R [- 

3, t:>«-.v-^ e wc^j 3 

^ _L_ /V \ uVvx 

- Z- ^ 


\w \ 

, “X + Vt . 

^ 3 


L 


(±-%i0^ 


Vv*=r 


Vvvr: o 

— Z / o^-^hT 

'VV^'s: o 


/ oi^-nTx 
I 


kz'^) 


\n 


Therefore we get 

-f*^— ) 

0- V t y 


/c^+VC ’i 

C-iry vv 


L- u 




c>0 


cx4p>o^+- ^ ] y 


Ki«H 


>0^ 




w\ 


Ci-^+^ 




Vn ^ 


CO 


/ o< 4-V<- >| 

^ ^ A 


.F,I 


Vw -s. o 

vv^y- • .<+- H- . 

i ~ir ■> 


-J±^ 

u-t-u 


- L 

Vx-c. 6 

Replacing ^ by -3 we get 

f^>^±}<r ] 

^ r 

(3#7#4) ^ Q-i±J ] 


Lv, Wj) *=^3 , 


\vv 


oO 


-L 


v! 




'V\ '=- o 


ci=y- 


^ f 

0 ^ 


Vv\.=-o 


\v\ \ 


' r vwy- . 

.r T" 

=>< + VC • 


T-" 


i^) 

Hu C 


. 


] 


In particular, when P'3. ‘I- Y-is A ^<-=0 and ®<- is replacing 
by Cf<->'> in (3.7. 4) we obtain the well known Hille-Hardy 
formula which is given by the relation 




^ ^ ^ Cir-tJ J I 

^ W^' 

- y — iv^c^j iv.i'^^ -t 

L — C^+’Owv 
'Vw = o 

On the other hand if we taken <5tvx-=(^J^ * then by 

C3,7«l) we get 

f t-. - L • 

■V^^0 

From equation (2. 5, 8) we obtain 

'Vvi 

r -;rr • 

Vvi=.D 

r r ' ^'**' — ‘ "Hii * 1 

L" ^ i t C5i-U . 


^ *A 

a-tj “j L ^ J 

>v^\ V 


In this case (3,7,2) becomes 

g^ /< Kr4-K- -v _ 

t % ~^t J t <;— 

(3.7.5) C ^■t^J (Z 2_ 


^ sio 

y* 


■>%- 


1 




C±-‘tiJ 




•.F, 


\vi^O 

“Vvvy^ c * * 
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In particular when -c. ir \ ^ vc-s o and replacing »4 by (^ + 0 
in (3,7,5) we obtain the Weisner*s formula which is given 
by the relation 
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CHAPTER-III 


A UNIFIED REPRESENTATION FOR CLASSICAL POLYNOMIALS* 


HERMITE, LAGUERRE AND BESSEL POLYNOMIALS 


(3.1) 


INTRODUCTION* 


In 1956 Chak introduced two classes of polynomials 
and studied thess separately %feich are given by 


{3.1.1) G\ 


_ o< - K.W 
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e © J 


(3.1.2) Pv, -7 
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e ^ D , 7): 




In 1956 F.J. Palas [l+i+] introduced the polynomial Ty 


by the Rodrigue’s formula 


(3.1.3) Tvcv,<^'^^ - 


\ 

— £. 




was to generalize the work of Steffenson^S'H^ « Toscano [^51^ 
Hiambeirt \^'h # and Maurice de Duf fahel [,-2 # 

At the same time# Raj Gopal|^^S^ studied similar 
generallgations of Hennite polynomials by replacing r for 
the exponent 2. 

Motivated by the work of Chak^lV^ # Al-Salam 
Mittal # Gould««opper[^a^y # Singh»Srivastava^S'6'] • 
aiatterjea[a5.] # Bell[ iS ] # Raj Gopal # and Rlordan 
Joshi and Prajapat consideined a class of polynomials 
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where C C is a constant such that 
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C ^ ^ ^ ) 
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3 (^Va-O^Va-A) 


'h feCb-O , -s 

I CO 


'w\sCV)-0 

\ 3 - being a non-negative integer. 

The class of polynomials defined by (3.1.4) is an 
extension of the class of polynomials considered in 

Chapter II# using the same operator 

Evidently following are interesting particular cases. 


(3.1.5) 

t '0 - 

H-w 0 ? 

-Gould and Hopper . 

(3.1.6) 

H V, c f ©, 0, \ ) — 

H V C ^ 



-Gould and Hopper t-3. . 

(3.1.7) 

y-. p. o, '0 - 

, C-O -s 

L V C n ^ 

-Singh and Srivastava 

(3.1.8) 

C^“>\-vQ 

Hv. 0 - 




-Chatter jea [.43.3. 

(3.1.9) 

(o4- ^ ) -V 

^ °r') 



-Krall and Frink [^1^ . 

-Krall and Frink ^ 

Qx-vj 

(3.1.11) P, 1') - > 





-Srivastava-Sin^al 

, , ) ~v 

THE EXPLICIT FORM- The explicit fom for 


is given by 


(3.2.1) P- H 
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To prove this by definition, we have 
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Further, 
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The inner stain is l^ae difference of a polynomial of degree 

h, hence when \v\')\\ , the inner sum is Zero. Thus 
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which proves (3* 2.1), 

In terns of the difference operator we can have 
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Equivalently* we can also write 
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(3.2.4) C 
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To prove (3# 2# 3) omd (3# 2# 4) we use well known relation 

Now since ^ polynomial of degree n in ^ * hence 

the in^ difference of this shall be Zero for Vv^ > ’\n . Hence 

frOTt (3.2.2) we get (3.2.3) 

(3.2.4) is evident from (3.2,3) 

Erom (3,2.2), if ^ = S » a positive integer, we have 
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^ ^ being a positive integer, we get 
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where /\ stands for S parameters - - - 

Next, consider the explicit form ( 3 . 2 . 2 ) 
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which proves ( 3 . 2 . 5 ). 

Again, if ---S# S> being positive integer, ( 3 . 2 . 1 ) reduces to 
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Again, if we put b « 2, k *» 0, q * r » - 1 and replacing 
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using hypergeoaetric transformation 
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Proof of (3.3.1) 
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starting frcaii explicit formula (3.2.1) 

oo -Vv . .(iSJ . 

\ i- \> K% ) 

L ^ \ CCb. V,; 



■VVAA- J 


whicli is (3»3«i) 


From {3. 3*1), if 




vliic^ pmwm» (3»3«2| 





which is (3.3.3) 


In particular when p « q * r * k » 1, and h « 1 
tand (3.3.3) reduces to 


i^ere denotes generalized Laguerre polynoaial 
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which is the required result. 

We list below some a^lications of this theory* 
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P?T characterization OP A CLASS OP- 

ALS BY THE generalized RODRIGUE’S FORMULA 


By C. M. Joshi and M. L. Prajapat 


1. Introduction 


Employing the operator x^D where Chak [2] defined ihc generalised; 

Lagiierre polynomials by means of 

AvD)” a-" ' ' a •') (3. j) 

Later, Al-Salnm 11] characlcrizcd these poIyn,„ai.-ils in term:, ..f the opm-alm 
a~.t(l-fA;D) and proved that 

6 X e —X e \x:) ( 1 . 2 ) 

Recently, Mittal [7] observed that relations (1.1) and (1.2) can. in fact, be 
derived from a more general operational representation. To this end he considered 
the operator T i^--=-x(.k \-xD'), A being constant and showed that the polynomial 
set {r^^“N^)l«=0, I, 2, ■••) 1(5] where 

AW D« [.r-' « C-' ->)] (1. 3) 

is a polynomial in .t of degree r, admit the relationship 

1 ^’-1') i *1 A f" V v fi , f .. 

U)- V,r .t- /V 

in terms of the oi)crator 

1 he question, that attracted our attention, was if these a forementioned f har - 
actcii^ations couid be uniliod. Tins led us [5] to define the operator ^ = /OA 
xD') and the introductievn of the polynomial stA in the form 

M^f(j:. ife, (1.5) 

• Rt (J 

where pj^x) is a polynomial in ;r of degree r and k and q arc constantvS. 






3 generality is concerned, obviously the definitioM is quite 
it provided a direct generalization of all the known gcncraliza- 
Laguerre polynomials for which one may r(*fer to tlie work of 



130 , , 

O -iU. JiKshi and M.I.. Pmjapal 

'Chatterjca [3] ami Singh and Sruastava ['ll Y,.| ,i ,. , 

i. is c„ 

■generalized case. This liniilavion is, to a great cslcnt " 

tu„ extent, overcome bv introtliicinir 

the polynomial set r, p, k, „.no, l. 2. •-}. ’ 


r. p. k, q) 


J... 




where p.r.k and q arc constants and assume integra! values. 

For k~0, one would obtain the polynomial set r, p q^\ n^Q l o .] 

■considered earlier by Srivastava and Singha, flO]. it may be no'ted hen.: ul^th 

-I <" - 


Gf (.r, 2. 1. - 0 = 




r, p, -i)=-L^ 

The question, therefore, naturally arises if there docs in fact exist a unified 
representation or the two classes of seemingly alihe polynomials, the LaTure 
and crinttc nolyn„,„inlz. IntorcKtlngly, Utc „„„„ 

Will be presented m detail in a subsequent communication. 

2. Tho operator 7\ 

fc, Q ' 

We [.'i] luivc defined the opera (or 

Tt,,r^ikPxD), where D.~. 

dx 

^ Listed below are some of the properties that we shall require in our investiga- 


r g >n^ (2.1) 

where as usual (a),=a(a+l)-.(a+n~l). n>l, (a\=l. 

^.(T,.p{.rVW!=;r"F(r,,,-l-/rr)/(;r) ,2.2) 



g'(x)]/(x^ 


■ X.rp ¥^ ' ' 





(-{unilot ' r„/ri:i>mi,i!-. 

^•v /Av Mniuw’:; hvnnuhi ' 


i:;y 


nvherc T x\u xD) 
In particular. 


O'k. p” C)oT:‘vxr‘u\ 


t r tX j., 

*■ ix A-r)] 


w :0 ' Q ' q ^ ^ 

tx 


D 




X 




(1 -.A/) 


..1 


(2.5) 

( 2 . 6 ) 


^ A'/)- J 



r (a.) I Jl±flU ) 

1 , » )■ 


</ 

«'„)■ 


A/ 


( 2 . 7 ) 




where Qax) stands fei- Ihe s<'quenee of 2 paranielors namely f? , a.„ - 


:siiiiilar interiirctatiun for 


In particular 

P r a-^r k ^ 

o^iL » iT' k 


] rr J^p/y^ Frr'l A’fwr a-vk a 

" ,“o «! iM“-A - 


In addition, note also that 
n-l 


Jl^(.S + Lx^-k-prx’'+}q)-l--n\ M^°\x, r, p, k, q) 
■which can be put in an equivalent form 


H '■■ 

(2. 3) 

(2.9) 


M^"\x, r, p, k, <?) 


;and suggests the elegant operational relationship 

\ \ A-Cd' f A> i-)r-l?). 

3. The explicit form 

It follows from (1.6) and (2.1) that 


■')„ ■ S=xD, (2. io) 

(2.11) 


ix, r. p, k. q) («-'» ()' (3.2) 


«! ,, 

»i-~0 

This can be put in the form 
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m, m boinir a positive integer 


it bccorvies obvious that the inner scries in (3* 1) can be expressed as tht:; m * 
difference of a polynomiai of degree n in nr which vanishes for su h that 


This suggests on the one hand that M 
n in since one could write 


(x, }\ p, k, qj is a ixdynomial of degree 


whereas in view of the definition and the formula (2.5) M, 
be expressed as a polynomial of degree n in or in the form 


4. The differential equation 


Assuming tliat ’ ///, a [lositive inlegcr and employing the operator T 

possessing the property tliat 


(n-\'k)x 


wc obtain 


in view 


mj-{m 


k] a 


This shows that the polynomials satisfy the diflcrcnUal equation 
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oy the Gejieralized Rodrigue's Formula 


-rprx - prx + 

Or, since (2« 11) holds, we have alternatively 
y~pr.e) {f d'-p,n/ + a~-m) -l-pr/i 


giving rise to the product form 

[(fT-Mv'') n (3~pr 

j-.-i 


a-{-ki-nq ~Vjq 


If, however, — 
assumes the form 


where m is a positive integer, the differential equation 


5, Generating* functions 


sake of brevity, if we assume (bal l(a-y]„ and \(h^)] 

ft 

and 11 respectively, tlicn it follows from (l.(>) that 


Therefore, by virtue of (2. 7). one obtains the generating relation 
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In particular, for a.=b., ; = i. o (^r m). (5.1) reduces to 

^-0 n U. r. p, /,, q) t” 

Iw //>o. wc obtain sides l.y /“ and sum 

Ml"--) (,, r.. ,, ,. ,) r ^ . 

l APj^/U ll -(l-l <.'/„)., I I (5. 3) 

Multiplication of this bv / e *''" .,r,i ,i 

nj a- r ^inj operation by r" yields 

0 W-iW Q j f —(\~\Qi) “ Z ,,vr^/ ^fT ^ 1 

' ^ {l-il \->i)l)\ 




■ (n^r X 


On the other hand, since 

O.**! , 

y- , i /’ \ i‘0 . , « 

ft^Cl ' p> <?) / 


^ ' u 1 iio ; 


1 . /% /a 


Vi I c. 


a mq ^Px- x-« r^-X-Vmq -px' j.^a'), 

^ n A ^'. <?)]. to. .5) 

l).v an appeal to (,L>.U). we get 


r:,)^ « ' ‘'C« I ^ A )>. -7) / 


/ /r -i /t’ \ 

= (1-^0 c tf )""'• <'X|'[/>/(J-(i-f/) 'Tj] 


()”</0 q 


1 . . r, /), k, q 


'o <7] 
(•"■ fi) 


whore, w = 0. I, 2, — . 

Again, by definition ‘ 

ij ft 

Hence by making use of (2.8), it simplifies to 


CC 

XT 

n ~.-0 


^ri-jr r. p. k, „ r ,«r . ,r ^ 7' 

~i„ w-u «•' H i[ • q -9^ 


MV also notice from (2. 8) that if f-=., 5 is a positive integer, then 


(5. 8) 





(s, -2±|i:£?_^ 


where tiS, «■) stands 


i>ara;nctcrs 


■omparison with (5.7) y 


:'nolhcr form of the explicit forma!, 


l>u> '*■ !<■ I. c, - and 

ff ^ ‘‘1^" leads us to ( 

Some applications of generating functions 

J'enc that the generating relations (5. 2) and (5.3) on 
‘ccursion toriruila 

r, A A (;r. r,,,k. q) 

other immediate cmnscquences of (5.2) arc 
r“\-.v, r. A A = r, p, P, (;,.,, 


comparison, yield 


(•r, r, A k, q')-pr.v^ + 


(’^’r.p.k,,) (0.3) 

sc^ratln* rola,i„„ (r.--), wc r,,a.li)y .siab&l. Ihe 
addition and the summation formulas: 


i'urth. 

follow 


in view of the 
*inK^ multiplication. 





iV 


roni m 
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r, mp. k. q) r. /., k.q) , 

- „ ^.r. r. !_■ /, ,,,/,. ^ 

/ \ 

V '- , ! 

I L'ZJ .g ' ,r, p, mk. ? J - IT , f\ [ (.r/ ) r. /., k. 


M), (.V, r, p, k. Iri •” r. p. k. q) 

Nolo oiiso from dcfioition ilvM 

•^i'. .;•*' •*■ Kx, r. p. k. q)\ 


(m^.n)\ 


— . •_ <v i fL* i « <7 ~ ■, jr( a) 

’,;r " <' r, p, k. q) 

Therefore by an appeal to (2.2) and (2.3), one obtains 
[Tj, ! (rr i /a;') /-^/•/+‘'l'" M'f{x, r, p. k, q) 

(M-^nY. nw ,,Or-! , 


[jcD + a+k -1- nq - prx ''] M]"^ (x, r, p. k. q) = (//+ l)ilf„“^i (.r. r, p, k, q) (6. 10) 

Obviously, diniinalkm of £)M),'''’(.t, r. A A, c) between (6.2) and (6. 10) would 
lead to the recurrence relation 


(n 1 1) (.V, r, Ik k, q) ~ (a 1-^ f nq')M^^\x, r, p, k, q) 


- prx' M^" \ {x. r, p. k, q) 

7. Bilateral and bilinear generating function 

Theorem, if we assume 

F[xJ] \xK Ty py ky q) f y a- 9^Q are arbiirarv 

constants, then 

{l-qty ^ ^ ^exi)[/)x (l-(l-"r/0 ^ 1 1 i'f — — p. 

(1-^0 i-'qt ' 


( 6 , 11 ) 


The Operator T.ii, and Char f7Ct erf zef*.ot^ of a Class of Pot ynowJals 
by ike General ^ed ^!odrigue*s Formula 


l’’ *• 


where. 




To prove (7.2X replaee / i)y /rv. nmliiply IkMH i!ic sides hy v ' r jind Uieii 
•operate hy c . Ik' Ji sin\]de ehange of v:uo:il)|{- aiid in xu'W of fin- foroH ias 
(2-6) and (6.8), the bilateral Keneratiny ndatbai (7,2) is esiaiilished. 

As an applic'aluni (lie abo\o tiieorenj we deinvaisli ate bs.\v the ueli known 
ilille-l lardy formula [ 8 , /C! 12 | 

1 /’A'* ^ r , - oo . 




and Weisner’s formula [8, p. 213] 


(7.4J 


m=iO 


«can be obtained. 


lT oFJ-wi, c; - ' ^ U 

=i0“ -^1- 






jF^[c;a + i; (1-^75^-./^:. 3^^^^ ( 7 . 5 ) 


1 


First assume T-T-rTA*"'’ '‘n)m (5.8) 

F[.v./] ^ - If [. 

m 0 tH ! * * L 


a-<?o 


a- b 


00 fjj j 


V"^ ( 

m 


. r wr i) 

'> L- <y : 

\k 

q 

- a/ 

1 

J 


l)i linear etau'ral ing 

function 


'■-j 

X 


m 


1 r^. ‘ '( 

I -qO 

/ j 

<1 



J W~;0 

ml 





( << t k 

f - mr a-fk 

qty 


L ^ 

rJ \ 

’ Q ' 

f 

: — 1 

n P. k. <?) 

\ T 

‘ O) f 

(7.6) 


I a-fk '" 
q I m 

This can be considered as a generalization of the Hille-IIardy formula men- 
It ioned above and indeed reduces to it when 7? 1, k-Q and a^-a-\ 1. 

On the other hand, if we taken 
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i —qt [-qt,y 


Replacing ex by ex \ i and subsliluling p- q r i. A? 0, and after a little 
simplification one obtains the Weisner’s formula. 

While concluding we remark that several of our results will rediKu.' to those 
of Srivastava and Singhal [10] wlien /e--0; to those of Chatterjea [3] for A=0„ 
^ = 1 and to those of Ai-Salam [i] for p-q-r-k-L 
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ON SOME PROPERTIES OF A CLASS OF POLYNO- 
MIALS UNIFYING THE GENERALIZED HERMITE 
LAGUERRE AND BESSEL POLYNOMIALS 

C.M. JoSH! AND M.L. Prajapat 

1 . Introduction 

The aim of Cliak [5], who siparalcly stiuiicd ihe two classes of 
polynomials given by 

(a) , 

G , (x)-== (1.1) 

n, k 
and 

(a) I 

P (x) - — i)" ) (i.2) 


where D, D=zj^, an . that of palas [19] who introduced the 

polynomirua (x) satisfying the Rodrigue’s formula 


waste generaiiz* the work of Steffenson [26], Toscano [27], Humbert 
[13] and Maurice de DufTahe. [id] In a roc:nt communication [ 5] we 
defined the diflerential operator Tk, g^x^ik/j-xD), q and k are constants, 
with a view to unify the work of Chak [5]» AI Salam [I] and Mittal [18] 
and employed it to characterize certain classes of polynomials which at 
the same time provided an extension of the polynomials considered by 
Srivastava and Singhal [25], who generalized the work of Chatterjea [6] 
and Singh and Srivastava [24] on generalized Laguerre polynomials. As 
observed in [16]. our polynomials provide a direct generalization of the 
Generalized Hennite polynomials of Gould and Hopper [12] wh. se work 
is a generalization of the work of researchers like Bell [3], Rajgopal [21] 
and Riordan [22] on Hennite polynomials Quite naturally, we were 
led to consider the polynomials 

I r, /?, b, k, q) | 1,2,.. | 

defined by 

(.V. r, p, b, k, q) c{h, n) a™*-'"'-'’ e''”' 


where c{b, n) is a constant such that 
c{b, 


b being a non-negative integer. 



obnpk.l,«d 
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a + »H-/t 


•ot+m 




/=Tn„+x«+i g(x)]f(x) 


n-a-'+i/) (1.9, 


{'VVU-)} -v 


in particular. 


j JZ ^ ^ + m y I 


2. Tile expHct form 

In view of the delinition above and (1 5), we readily obtain 


c(b,n) q‘ 


Y/jir + (6-l)n 


GKNBKaLIZKD HERMllE LAGUfiRRB 


AND BESSEL POLYNOMIALS 77 


A«,r /^«)=/(a +/•)—/(«) 

so that 

m 

^ ^ (-1 )«>-;! ( \ f(ci + rj) 

y=0 ^ ^ . 

then it follows that 




(X, r, p, h. k, q)^cih. /;) q" xi^-rp YtiFiT 
" ^ m ! 


»i=0 


X A 


W (a\k[-lm\ 

«+fc+t.n, r j„' 


(2.'>) 


we have 

n 


that these polynoinuils arc of degree // in ^ ' an . 


(-V, r, . k, q)r=c(h, n) qyxp [-px'‘'^'~^A»i-i^.t>n,,\x 
a f 


X f ^ ^ k^bn \ 

V ^ )n 


( 2 . 4 ) 


We would like to remark that depending upon -y as a positive 

or a negative integer, the explicit formula (2.1) can be transformed into 
more elegant alternate forms, which may conveniently be termed as the 
hypergeometric forms. Indeed, since ([20], p. 22) 

J’^ 1 


then assuming that ^ being a positive integer one gets by an 

appeal to (1.6) 

r, p, b, k, q)=q"cib, n) e*'*'’ ( \ X 

n \ q fn 


X.F, 


A 




()L-k- k+bn+nq \ . 

7 7 ’ 

oi-\ -k+bn \ . 

” 7 /’ 


-px' 


and when — j being positive integer, wc have 


( 2 . 5 ) 


(X, r, p, b, k, ?)= 9 " c( 6 . X X 
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where, as usual, A(J’. «) stands for ihc set of-s parameters 


Formula (2.5) or (2.6) reduces to an elegant result for the polynomials 
of Srivastava and Singhal [25] which is believed to be new. For instance 
replacing a by a—n, setting b- 1 and k =0 in (2.5), we get 


Note also that, on spceiali/iiig the paraineteis in (2.5), one would 
obtain fornuilas for the various polynomia l set described in the intro- 
duciioit. Of p.oiicular interes!, lien 6 2, k 0, q -r - — [ and a is 

replaced bya -T, is the explicit formula for ihe generalized Bessel 
polynomials ,of Kiall & 1 rink [17] which does nut seem to have been 
noiiced earlier, viz. 


But it has been shown by Ciuiucrjea [8] mat 


A comparison of (2.8) and (2.9) , would ilius lead us to the trans- 
foimation formula 


3. The generating relations. 
From (2*1), it follows that 


( -•-•) (a-t n - I n i/’i 

-/I ; 2-- a 2n ; -- ] 

\pj L 






^/Mr+a+*\ 

I V <i fnA- 


xVl 

:6>” ■ (^^^ bey ;, 

\ q /;. 


|/>;) 


~iqtx^-'i-)’’_ 


Therefore, assuming that ~ ~u i u ■ 

a positive integer 

ed to the generating relation ^ ’ 

Yil 

— “S S^x 
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(3.11 


we are 


00 nAV, 

P> k, q) 

I I, 

+ 




(/r-f 1 

/ 1 . 


A (a. j . ■ A'* 


f3.2) 


L. 

Note from Bailey [2] that 

^-1 ’ xh^ ~] ,1 , , 

La(a-i, o') (A-- !j»-i7]r;^j==Yq:j^3~ ,3.3) 


and since 


A‘ 

(I-a:)*"?-!- 

(h 

- A'- Y 


\ ' 

l-x) 

(3.4) 

(!-;«:)<« [ 

H ■ 

X Ti-i 

J-xJ 


1+(A-1)^'' ■ 

1 + 

iix ’ 

i-~x 

9? 


wc obtain 


.(«) . 


lac; 

f ^yP,b,k,q) 

^n\ cM 

n-0 V ' / 

=xp|,v{l_(i+{,-,,.j, 

where 5 IS given by 5(1+5)* - ■. > 

'When p~qw.r-^k=l so that A— 1 and £(1-| i 

generalized Laguerre polynomials fll 

form ^ generating relation in the 
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oo 

l-’c) = [i + iV(i-4/)J'>+a|^l-4/]-i/2x 


w- O 


Xexp 

.. b 


(3.7) 


On the other hand, if — ~ — /i, // being ■ positive integer, where <7 is 

essentially a negative integer and fc takes positive values only, the for- 
mula (3.1) admits the form 


,(“) 


^ il 

^ n \ 

17 * 8 = 0 


(x, r, p, /), k, q) ^ 


cih, n) 


( - p v»‘y« 
m ! 

m -0 


X hFh-i 


( h — • 

\ q j ’ 

K t /c + t?^ . 


(3 8) 


Thiis, in view of the relations {} 3) (3 5), we get 

(a) 

^ 3/ (X, r,p, b, k,q) 

" -- - =-^(H-5) 


^ . n ! 

„«() 


NS here 


c{h, n) 

xexp[y>A'(l- U 1 
5(14 5)'“’ (//a"-’. 


(3 9) 


Replacing a by a -2, t by ^ ''’’d setting b 2, q^\,k — 0, and 

r==-’l, so that /!==2 and 5( 14 5)= ~ tv, (3.9) yields the known relation 
([41. see also [9|), 

OO 

2 ' ^ * ~ 2a 7 )-’/2 {H i V (i-l^)F"“ X 


xexpj^i^l \/(l 2v/)|J 


(I.IO) 


for the generalized Bessel polynomials of Krall and Frink. 

Formulas (3 3) and (3.9) admit further generalizations. However, 
general zations of (3.9/ arc omitted here for reasons of btc\ ity am! of 
similarity. 
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For (3.3 K proceeding m a nnmner similar to that or(3.2 
readity established that 


exp ( px') X 


{h f- 1 




w + a+A- 


This suggests the existence of 


a more general result in the form 

(A-. /•, p, h, k, q)i’’ , 

LlTiTtl^ = p.V)>: yiZl 




Vifhkh can also be proved analogously. 

It will be understood throughout that (A^) stands for the set ol y 
parameters Aj, A 2 ,..., A^. Similarly, (pv) stands for the set of v pan 

meters pi, p 2 ,..., pv ; and that [(A,*)]„ has the interpretation ff (A/),,, etc. 

y=i 

Next, consider the identity 




Making an appeal to (1.1 1) and by a simple change in the parameter 
one obtains 

(a— 6m) 

• V i- -JH V 


X exp (pA''{ 1 — ( 1 — lytAf-ly-r/*'}] 
1, r - — 1 and replacing a by a—l, 
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which is due to C hatterjea [9]. 

Following the method of proof ouilined for (3.2), formula ( 3 . 11 ) 
can be further extended to yield 


(ci ““ hii) 

M ' {x, r, p, b, k. f/)/" «. 

2 {(pvTc:^7«)7r! 


{(pv ]« /;) n ! 

mr-hX+k 


-X 


w -0 


X 




(I 

ip^) ; 


qfx 


vl>~l 


(i.r5) 


\Nhich evidently corresponds to (3. i3), when 

A typical deduction from (3-15) is the formula 


f(£--hn) 

{^)n M i,\\ r. p, Ik k, q) /" 

ri 




=exp (px'X 1 X 


V(--PA-) 

^ ml" 


-2F1 


m- 0 


A. 


inr 


qtxo 




<x -)-<(• _ 1 
<7 ’ 


(3.16) 


and thi.s reduces to ( 3 .a.l 0 ) of Joshi [14] when k^O, and A=-a. 

4. A bilinear genarafing function. 

Theorem. If 

oo ■ ■ 

/ 

/n 1 /n) 


w=0 


fr, i\ I) /c, q) 
m * 


(4.1) 


then 


-((x-hk) 


i • 1 t// v'* U* '"" I -(//.V* 

fV- 

V>„n. 




. . (,)£ 

m! , M.v, r. /r, < 7 ) (4 2) 


ym(y) “ j i 


(4. 3) 


where 
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Proof, let 


be a given generating function for M 


(.Y, r, p, b, k, q). Replac- 


ing t by tx^y, multiplying both sides by a“ t-p*' and then operatin 
and making ah appeal to (i. I0\ the left hand side equals 

x«(l -x^qt) « exp 1 - x<‘qt)-^l'‘m ,-r~7 ^„ , t“L 


On the other hand, the right hand side 


Equating the above with the left hand side replacing i by 
obtain the desired result. 

Some of the immediate corollaries of the above theorem are the 
bilinear generating relations for the generalized Fermite, Laguerre and 
Bessel polynomials which are believed to be new. 
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